G.NTH

1. CAC KIEN THUC CAN NAM
1.1. Cdc hé thiic co bdn

+ cos’a+sin‘a =1 +1+tg%a =

2

(a L k)
Cos” 2

—— (a#km)
sin“a

+ tga . cotga =1 (O(#-k?n) + 1 + cotg’0l =
1.2. Cong thirc cong goc
+ cos(a = 3) = cosa cosP F sina sinf3
+ sin(d % [3) = sina cosf £ cosa sin[3
tga £ tg3
+tg (M +B)= ——=— + KTt
g@xpP)= s tgath( Bz )

cot ga.coth$1
cotga = cotgf3
1.3. Cong thirc nhdn
+ sin20 = 2 sin0 cosd
+ c0s20 = cos’d - sin’d = 2cos2 -1=1-2sin’a

299 o2 Tk )
1-tg°a 4
cotg°a -1

2cot ga
+ sin30 = 3sind - 4sin’0l
+ cos3a = 4cos’d - 3cosal

_+n3
3tga tg a (a¢E+k1—T)

1-3tg°a 6 3

1.4. Cong thirc ha bdc

, . 1+cos2a ., 1-cos2a
+cosdA = — +smd=—————

+ cotg(a £ ) = (a;B #km)

+ tg2a =

+ cotg2a = a# 7”)

+ tg3a =

1+ cos2a 2
1.5. Céng thirc bién doi tong thanh tich:
a+ B 9 B
2 2
a+p sin a B
2 2
a+B a B

+ sind + sinf3 = 2sin cos
2 2

a+Bgna—B
2

+ cosa + cosf3 = 2cos

+ cosd - cosPd = - 2sin

+ sinQ - sinf3 = = - 2cos
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+tga £ tgf =

M(a B;t +kT[)

Cos0.cos3
1.6. Céng thirc bién doi tich thanh tong:

+ cosa.cosf3 = %[COS(O( +[3) + cos(a —3)]

+ sind.sinf3 = %[COS(G

— ) +cos(a +P)]

+ sina.cosf3 = %[Si n(a +PB) +sin(a —B)]

Biéu thic dai so Biéu thic luong giac Cong thitc luong giac
tuong tu
1+ x? 1 + tan’t l+tan’t = —
Ccos™ t
4x3 - 3x 4cos’t - 3cost 4cos’t - 3cost = cos3t
2x% -1 2cos’t - 1 2cos’t - 1 = cos2t
2X
. 2tant2 2tant; — tan2t
1-X 1-tan“t 1-tan“t
2X 2tant 2tant )
> o = sin2t
1+ x 1+ tan?t 1+ tan?t
X+ + +
y tana +tan g tana +tan g - tan(a+P)
1-xy l-tanatan g l-tanatan g
1 1
x> -1 ——1 5 -1 = tan’a
COS COS

MOT SO PHUONG PHAP LUONG GIAC DE CHUNG MINH
BAT PANG THUC DAI SO

L. DANG 1: Stt dung hé thiic sin‘a + cos’a =1
1) Phuong phap:

e o ... X=sna
a) Néu thay x~ + y“ =1 thi dat véi a U [0, 21
) = cosa
b) Néu thiy x>+ y> =2 (r > 0) thi dat 5. "% véi o [ [0, 27
[y = cosa

2. Cac vi du minh hoa:
VDI: Cho4s6a,b,c,dthoaman: a® +b’=c’>+d*=1

Chiing minh ring: —+/2 < a(c+d) + b(c-d) <+/2
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Giai:

_ [m=snu _ [€=sSinV
bat a) va [

=cosu [d = COoSV

[0 P =a(c+d) + b(c-d) = (sinucosv+cosusinv) - (Cosucosv - sinusinv)

(] S = sinu(sinv+cosv) + cosu(sinv-cosv)

= sin(u+v) - cos(u+v)

- S:\/Esingu+v)—ggj[—x/§,x/§]|] —J2<S=a(c+d)+b(c—d)<+2 (dpcm)

VD2: Cho a*> + b* = 1. Chtng minh ring: Eaz ET Hoz 1 225

Giai:

Pit a = cosa va b = sina v6i 0 < a < 21t Thé vao biéu thiic vé trdi roi bién déi.

g B32+—g H:os o+ g E&n o+ g

cos®a ] sn“a 0
. 1 1 . cos’ o +sin® o
=cos’dl +sin‘a + ——+——+4=cosa+sin‘a+——, —+4
cos'a sin“a cos’a.sin*a

= (cos“u +sin40()EL+ . 4

0 cos*a.sin*a[]

= [(cosza+sin2a)—2coszasin2a]EL+ Hra
O cos*a.sina

-EL——sm 2aﬁ+ 16 H+4>EL @1+16)+4——+4——(dpcm)

sin® 20

Bay gid ta ddy bai todn lén mitc do cao hon mot budc nita dé xuit hién a*+b’=1
VD3: Cho a*> + b? - 2a - 4b + 4 = 0. Chitng minh ring:
A= \az —b? +24/3ab-2(1+ 2ﬁ)a+(4—2@)b+4fs—e{ <2
Giai:
Bicn déi diéu kien: a2+ b>-2a-4b+4 =0 (a-12+ (b-2)’= 1

a-l=sina [a=1+sina . :
bait 0 OA :‘smza —cos’d +2\/§S|n0(cosa‘
Ho—z-cosa Eo—2+cosa

2

sin(2a - E)

‘\/§sm20( cosZa‘ ‘—SIHZG —%00320( < 2 (dpcm)

VD4: Cho a, b thoa man : \5a+12b + 7‘= 13
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G.NTH
Ching minh riang: a* + b* + 2(b-a) = - 1

Giai:
Bién déi bat dang thic: a> + b* +2(b-a) =-1 = (a-1)>+(b+ 1) =1
a-1=Rsna [a=Rsina +1

Dit 6iR20 - - (a-1)%+(b+1)?* =R?
221Ho+1=Rc:030(Vl Ho=Rcosa—1 (@-D7+ b+

5a+12b+7/=13 < |5(Rsina +1) +12(Rcosa —1) + 7| =13

Ta co:

= |BRsina +12Rcoso| =13 = 1= R sina+ 2 coso| =R
13 13

S n@( + arccosE <R
] 13

Tuds O (a-12+ (b+12=R2=1 = a+b*+2(b-a) = - | (dpcm)

II. DANG 2: Su dung tdp gid tri |Sna |<1 ; |cosa|<1

1. Phuong phap:

O . . Ox ol
= khi ¢ 0F=;=
B( S No | o HZ ZE

Fk=cosa khi a0[0;7]

a) Néu thay Ixl < 1 thi dat

o . X=msina ki a0FZZE
b) Néu thédy IxI <m ( m=0) thi dat H_Z 2F
B =mcosa khi «0[0;7]
2. Cac vi du minh hoa:
VDI: Ching minh rang: (1+x)P+ (1-x)P<2P0IxI<1;0P=1.

Giai:

bat x = cosa véi a U [0, 11, khi d6 (1 + x)? + (1 - X)? = (1+cosa)? + (1-cos)?
= BZCOSZEH +BZsin22H = 2P pos?? &+ 5in? S e 2P Hhos? & 4 gin? S = o
0 20 0O 20 H 2 20 U 2 20
(dpcm)
VD2: Ching minh ring: V3-2 <32+ x1- %2 < V3+2

2 2

Giai:

Tudk1-x*=0 = IxI<1nén
Patx =cosa v6i 0 <a <1 v1-x* =sina. Khi d6 ta co:

P=2./3x? + 2xy/1- x? = 24/3¢0s? @ + 2cosa Sina = v/3(1+Cos2a) +sin 2o

4
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[l
:Zé.‘/—écosm +%sin2ag+\/§:25ingza +1—;§+\/§ 0 +/3-2< A <+/3+2(dpcm)
[l

2

VD3: Chiing minh rang: \/1+ V1-a2 [\/(l+ a)® —\/(1—3)3]S 22 ++2-2a% ()

Giai:

Tu dk lal < 1 nén

Dit a=cosa véi a[0,7] O 1-a= \/Esm— Ji+a \/Ecos— V1-a% =sina

o] o«
e 1+25n2cos?. 2[%03 Z —sn® =< 242+ 24/2sin—cos—
1 \/ 2 2H’ 2 2

- Essing+cosg%:osg—singHE:oszg+singcosg+sinZEHsl+singcosg
0 2 20 2 21 2 2 2 20 2 2

. a a . o a . ,d
o Ean—+cos—%cos——sm—5=cosz——smz—:cosasldﬁn O (dpcm
g 2 Co2m o2 20 2 2 gt (dpem)

VD4: Chiing minh rang: S = ‘4(\/(1—512 3 —a3)+ 3(a—\/1—a2)

Giai:

<2

Tu dk lal < 1 nén:
bata=cosavéia O[O0, M O v1- a® = sina. Khi d6 bién déi S ta c6:

S=‘4(si n®a - cos® a) + 3(cosa —sina)‘ = ‘(38“’1(1 —4sin*a) + (4cos’ a —30030()‘

SInBBO( +—%< J2 O (dpcm)

= |sin3a +cos30(\ =

VDS: Chiing minh ring A = [av1-b? +bvI-a +3[b —\/(1—a2)(1—b2))‘ <2

Giai:
T diéukién: 1 -a*>0;1-b>=0 = lal<1;Ibl <1 nén.

00 1t mC
bata=sina,b=sinBvéia, 1
Pvéia. PO oo

Khi d6 A = ‘sinacosB+cosasinB—\/§cos(a +B)‘=

= [sin@+() ~3cosa +p) =%§”(°‘+B)‘§C°s(a+ﬁ>‘ %‘Q"“@O‘*B)—g%@

(dpcm)
VD6: Chiing minh ring: A = 14a’ - 24a”> + 45a - 261 < 1 Oa O [1; 3]
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Giai:
Doall[l,3]nén [a-2|<1néntadata-2=cosd < a=2+ cosd. Ta co:
= |42+ cosm)® —242+cos)? +432+cosa)—2¢=\4co§a —3cosa\ =|cos{ <1
(dpcm)
VD7: Chitng minh ring: A = ‘m—\/éa+\/§‘ <2 0Oal[o,2]
Giai:
Do a 1[0, 2] nén [a-1|< 1 nén tadata- 1 =cosa véi a [J [0, 11. Ta c6:

= ‘\/2(1+ cos ) — (L-cos a)? —\/§(1+ cos Q) +\/§‘=‘\/1—cos2a —\/§cos0(‘

Z%sina—gcosa %:

IIT. DANG 3: Stt dung céong thirc: 1+tg’ o =

= ‘sina —\/§cosa‘ =

. TU
2sinf0+—[<2 (d
E}]s% (dpem)

~tda= -1 (a¢12T+kn)

co§0( co§0(

1) Phuong phap:
a) Néu Ix| > 1 hoic bai todn c6 chita bi€u thic x% -1

Tt 3n
véi ol @) Ty 51 -
b) Néu Ix| = m hoic bai todn c6 chita biéu thiic X% —m

véi GD@ T[B] E'LST[E

thi dat x =
cosa

2

thi dat x =

cosa

2. Cac vi du minh hoa:

\/—1

VDI: Ching minh ring A =

Dolal=1 nén:

Data—cosa VO’ICXD@,zgjéI ZED \/a 1 \/th( tga . Khi do:
=} - } ‘(tga+\/§)cosa‘=‘sina+\/§cosa‘:4singa+g%s2(dpcm)
— ," 2_

VD2: Chl’rngminhréng:—4sA=5 12a2a 1S9 Olal=1
Giai:
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Do lal = 1 nén:

Tt 3n
Pata= véi a0 T é‘n—ED Ja2 -1=Jtg?a =tga . Khi dé:
) cosa @ 20 2L \/g g
12— +co20 .
A= Lazlz (5-12tga)cos’a = SCOS2G—12Sinacosa=w—GS n2a

5 13 5 12 . 5 13 5
—+—B—00320(——sn2aHz—+—cosBZO(+arccos—E
2 3 13 02 2 O 13C
5 13 5 5 5 13
] -4= —+— -1 <A——+—cos o + arccos— +—.1=9 (d
> 5 (D 2" 2 BZ 13%2 (dpem)

2
VD3: Chiing minh rang: A—}\/a 1+\/b 1} 1 D‘aMb‘Zl

Giai:

Do lal=1;Ibl=1nén.

bita= i;bz L VOlO(Dg) alsnE Khi d6 ta co6:
cosa cos

= |(tga + tgP) cosa cosp| = \si na cosP +sinfBcosa| = [sin(a +B)| < 1(dpcm)

VD4: Ching minh rang: a + > 242 D\a\>1
a’-1
Giai:
Do lal > 1 nén:
Diit a = vmaDHD HD !t 1 hide
cosa 1/ 1 " cosa’ tg’a SINA

a+ a_ - ! + _1 > 2. ! ._1 = 2\/5 22\/§(dpcm)

Ja?-1 cosa sna cosOo Sina  +/sin2a

>1

VD5: Chiing minh ring yv/Xx? —1+ 44y’
Giai:

2 _ 4/ 2_1
Bat dang thiic = x“ -1 1Y +§B<\/2_6 Q)
X XH y y

Do Ixl; lyl =21 nén Dat x =

voi o, B0 @2{%

cosa > cos
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Khi d6: (1) = S=sind + cosa(4sinp + 3cosP) < +/26

Ta c6: S < sindt + cosat /(42 +3%)(sin® B +cos? B) =sina +5cosa

<J(@+5%)(sin’ @ +cos’ ) =+/26 [ (dpcm)
1

cos? o

IV. DANG 4: Stt dung cong thiic 1+ tg° o =

1. Phuong phap:

a) Néu x [J R va bai todn chita (1+x?) thi dat x = tga vé6i o [ E—g g

I

b) Néu x 0 R va bai todn chita (x™+m?) thi dat x = mtgd véi o [ E_lzT EE
2. Cac vi du minh hoa:
3
VDI: Ching minh rdng: S = ‘ & <1
‘\/1+ x? \/(1+ x2)?
Giai:

Pt x = tedl v6i o [ H— ED V152 , khi d6 bién déi S ta c6:

] COSG

S = 13tga.cosa - 4tg30(.cos al = 13sina - 4sin’al = Isin3al< 1 (dpcm)

. +8a% +12a*
VD2: Tim gid tri 16n nhat va nhd nhdt ctia biéu thic A = 02+ 128

(1+2a%)?
Giai:
2 4
Pat 2= tga véi alF =, thi taco: A= ST A A +3Mg @

_ 3cos’a +4sin“acos”a +3sin*a

—— =3(sina +cos*a)? - 2sina cos? a
(cos“a +sn“a)

. 2 i~ 2
2023 lopa=g- SN2 5 0y
277 2 2 2

=3.

Voi a=0 10 a=0thiMaxA=3;V6ia=gD a=%thiMinA=g

[(a+h)l-ab)|_1
arad) i)~ 2
Giai:

— Ha, bR

VD3: Ching minh rang:
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[(a+b)d-ab)| _|tga +tgP)(A-tgatgP)
(@+a?)A+b?)| | A+tg?o)d+1g?P) |

bat a = tga, b = tgf3. Khi d6

sin(a +B) cosa.cosB-sina.sinp|

= |cos® o cos . .
cosa.cosf3 cosa.cosf3 \

= ‘sin(O( +)cos(a + [3)‘ = %‘sin[Z(O( + [3)] ‘ < % (dpcm)

la=b| |b—c| _ |ca

J@r)+) Ja+P+D) @A) +ad)
Giai:
Pbat a = tga, b = tgf, ¢ = tgy. Khi d6 bat dang thic
ltga -tgfB| ltgB-tgy| | |tgy - tga |

Ja+tgPa)(1+1g%B)  (L+1gB)(L+1tg%y) (L+tgly)(1+ tga)
sin(a - B) sin(B-vy)
cosa.cosf3 cosf.cosy

VD4: Chimg minh rang: (A bc

sin(y—a)
COSY.cosa

= |cosa cosp. +|cos[3 cosy. > |cosycosal.

< [sin(a-B)+|sin(B-y)| = |sin(y-a)|. Bién déi biéu thiic vé phai ta co:
|sin(y-0)|= [sin[(a-B)+(B-y)]| = [sin(a-B)cos(B-y)+sin(B-y)cos(a-P)| <
lsin(a-B)cos(B-y)|+|sin(B-y)cos(a-P)[=[sin(a-P)|lcos(B-y)|+|sin(B-y)[lcos(a-B)|
< [sin(a-B)|.1 + [sin(B-y)|-1 = [sin(a-B)| + [sin(B-y)| T (dpcm)

VD5: Ching minh ring: </ab ++/cd < /(a+c)(b+d) (1) Hab,c,d>0

Giai:

cd

(1)<=\/ ab +\/ cd <1 ! + b <1
@rabrd) y@rab+d Jaﬁ%bg Jaﬁ%bg
0 al dOg \O amMm dO

Pat tg?a="2, tg2B=% v6i oB O %bg E 0 Bien déi bat ding thifc
a

2 2
o 1 +\NgotgP =Jcof acod B+,/sirfasiPB<1
Ja+rga)a+gB)  A+tFa)+ )
< cosd cosf + sind sinf3 = cos(a-B) < 1 ding [ (dpcm)
c d

Dau bang xay ra < cos(Q-f)=1 = a=f = — =5
a

6a+4|a’-1|
a’+1

9
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Giai:
a 6t +4]tg2 ¥ -1 2t ‘tgza—q
Pata=tg . Khido A= 2 - 2 =3 2 +4, §
tg® ~ +1 1+tg®—~ |t 2+4
2 "3 ‘g 2
A =3sin a + 4 Icosal = 3 sina + 4.0 = 3sina = 3.(-1) =-3
Sir dung bat dang thitc Cauchy - Schwarz ta c6:
= (3sina + 4 Icosal)* < (3% + 4*)(sin’d + cos’0) =250 A <5
V6isina = 1 < a=1 thi MinA = -3 ; véi 308 =190 i ppaxa =5

V. DANG 5: Poi bién s6 dua vé bdt ddng thitc tam gidc
1) Phuong phap:

i
[X;y;z>0 ;B;CL(0;—
a) Néu [ Y thi EAABC:QA ( 2)
D‘ +y*+2% +2xyz =1 Ek = cosA;y = cosB; z = cosC
;y;2>0 B;C0(0;—
byNew gV 47" tthAABcBA ( )
(XTyrz=xyz @(-tgA,y—th,z:th
m
;B; CU(0;—
( 2)
,2>0 =cotgA;y =cotgB;z=cotgC
¢) Néu ] Y thi LAABC: oy d g
Ky +yz+zx =1 %&;B;CD(O;H)

Tx=tgy=1g2;z=1g<
ﬁ( 2’ 2’ 2

2. Cac vi du minh hoa:

VDI: Cho x,y,z >0 vazy + yz+ zx = 1. Tim gid tri nho nhat cta biéu thic.

S—1+1+£—3(x+y+z)
X Yy z
Giai:
P RN
TrO0<x,y,z <lnéndatx=tg—;y=t —,Z—t—VO’lCX O —
y g2 y=tg5 g5 B.y oL
on el P 4Py oY 4gY g8
Doxy+yz+zx=1néntg—t +t +tg—tg— =1
Xy+yz+1zX g2g2 g2 5 g2g2
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a B, VE By tgi”@! 1 B, YL ot
o tgx OgP+tg¥r=1-tg et - =~ o tgP+ =cotge
85 595795, g5'e -1aPraY 1qC I og Y
g tg! tgo
2 2
y a B.y_T a a+B+y_T _
= t + — t +—|]le " F+—=ZX——— = — = 0+phb+V=TT
g%z%ggzgzzzz 2 Bry
11 1 a By
S=—+—-+=—"-3(x+y+2z t + cotg— + t—-3 +tg— +tg—
Ty r D)= o cog2 cotg Bg 9 QZE
a a B . B Y .Y a B Y
S= [totg——tg— tgt—tgt tg) —tg L -20g— +tg> +tg Y
Emgz gz%%"gz gz%gogz gzgr E‘gz 2 gZE

a B VE
S = 2(cotga+cotegB+cotey) - ZB —+tg—+tog—
(cotg gB+cotgy) Dgz g5 gz[

S = (cotga +cotg[3—2tg\—2/) + (Cotg[3+cotgy—2tg%) +(cotga +cotg[3—2tg%)
sin(d+f) _  2siny _ 2siny

sin d.sin [3 2sin .sin B cos(a —[3) —cos(a +[3)

Dé y rang: cotgd + cotg =

Y .Y
. 4sin-"cos—
2sny _ 2sny _ 2 2_ 2tgyD cotga +cotgB - 2tgY = 0
1= cos(a +[3) 1+ COSV 20032y 2

TdosuyraS=0.Véix=y=z =ithiMinS=O

3

VD2: Cho0<x,y,z<1vd ——+-—Y 4+~ 4xyz
1-x2 1-y? 1-72  (@-x?)(1-y?)(1-2)

Tim gi4 tri nho nhét cia bi€u thic S = x* + y* + 2*
Giai:

B

Do 0<x, y,z<1nendatx—tg5,y—tg2

Z—th voia, B3,yd QJEE

2y 2z , TR
——tgy= va dang thiuc o gia thiét
1- y2 gy 1- 72 g g

Khi d6 tgor = — 2% tgB =
1-x

2X N 2y N 2z 8xyz
1-x% 1-y? 1-72 (@1-x3)[1-y>)@A-2%)

= tgO+tgPB+tgy = tga.tgf.tgy
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t
< tgo +tgB = - tgy(1-tga.tgP) < tgarigh - tgy < tg(a+P) = tg(-y)
1-tga.tgp

Do a, 3,y %&),généna+|3=n-y<= a + 3+ y= 1t Khi dé ta c6:

a B B v y,£ d o
t te—+t +to—tg— =1 « xy+vyz+zx = 1. Mat khac:
g2g2 g2 > g2g2 y+y :

(x2+y2+zz)—(xy+yz+zx)=%|_(X—y)2+(y—z)2+(Z—X)2J20

0 S=x*+y*+7Z2xy+yz+zx=1.Véix=y=z =ithiMinS=1

V3
!lZ>O S
VD3:ChoEXy . Chting minh rang: S = X + Y 4 ¢ Sg
Xx+y+z=1 X+yz y+zx z+xy 4
Giai:

. lyz . .q X2 . B Xy .Yy ..

pat ,[25=tg=; [~==tg"; |2 =tgLvéia, B, yO D,

Ay Tes y 9554, ~l95vei B,y %b

DoJE. /z+ /3.1/ﬁ+.1/ﬁ.1/E =x+y+z=1
x\y y \ z Z | X

N | S

-
C

B B,y
t t +t t +t =1
nengzgz 8585 gzgz
y YL B[r O‘E By ma
o tgE+ i =cotg— = tgh+ [ =tg-~—[= tt="-—
gE@ECOg ggzggmm 2727272

atpry_m
2

A
X+yz y+2zX z+xy "2 ryz rzx xy

_yz - xyH

=£ —yz+y—zx+z—xy E_ED X 4 y
2[XK+yz y+zx z+xyp 2 2%1 yz 1+ xyD 2
z

e aQ+B+y=T

= %(cos + cos + cosy) + g = % [(cosO( +cosB).1—(cosO( cosf3—sina +sinB)] +g
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< _g((cosﬁcosﬁ) +1)+= (surFO(+stB) cosacosBE —=—+_-=- (dpcm)

3. Cdc bai todn dua ra trac nghiém

Bai 1: Cho a> + b* = 1. CMR: | 20a° - 15a + 36b - 48b% < 13.
Bai 2: Cho (a-2)*+ (b-1> = 5. CMR: 2a + b < 10.

'b=>0
Bai 3: Cho %a’ CMR:a*+b*>a’+b’
a+b=2

Bai4:Choa;b;c>1 CMR: Ea 1HH) l% 1EEBi l% EHEG—EE
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[X;y;z>0
Bai 5:Cho [ ) CMR:
X2 +y?+2%+2xyz=1

=

a)Xyz< —

0]

Nlw

b) Xy +yz+zx <
C)xX*+y +7 2%

d)xy+yz+zxs2xyz+%

- 1-z
)\/1+x \/1+y \/1+z 23

Bai 6: CMR: ! + 1 < 2 Ua,b (0, 1]

Vi+a? 1+p? V1+ab
Bai 7:CMR: (2> +2)(b* +2)(c*+2)=9 (ab+bc+ca) [a,b,c>0

,2>0

BAi8:Cho " CMR: >+ Y4 2223[3
Xy +yz+zx =1 1-x° 1-y° 1-z 2
Y, 2>0

Bai 9:Cho 17 CMR: X+ Y 4 2 3
[X+Yy+zZ=Xyz V1+x% J1+y? A1+7% 2
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Bai 10: Cho %y 1 1 1 X = Z

CMR—+ ~— + = >
XytyZ2x=l V142 I V12 188 +J1+y°' +J 1+Z
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